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Abstract. In a previous article (Orbites unipotentes et poles d'ordre maximal de la 
fonction fi de Harish- Chandra, to appear in Canad. J. Math.), we have assumed the 
existence of the local Langlands correspondence for supercuspidal representations and 
deduced from this a local Langlands correspondence for discrete series representations 
and beyond (without going into the structure of the L-packets). The aim of the 
present article is to show that this extension of the local Langlands correspondence 
for supercuspidal representations (and some of the assumptions in the article above) 
is compatible with the theory of L-functions due to Langlands-Shahidi. 



Let G be the group of i^-points of a connected reductive group defined over a 
non archimedean local field. In [H2] we have assumed the local Langlands corre- 
spondence for supercuspidal representations of i^-Levi-subgroups of G and deduced 
from this a local Langlands correspondence for discrete series representations of G 
and beyond (without going into the structure of the L-packets). The aim of this 
note is to show that the results and assumptions in [H2] are compatible with the 
theory of L-functions of Langlands-Shahidi. This theory applies at this moment 
to generic representations of _F-points of quasi-split connected reductive groups. It 
has been established until now only for F of characteristic 0. So we have to make 
this assumption, too, and suppose in the sequel that G is quasi-split. 

Let us be more precise. Let P — MU be an F-parabolic subgroup of G. Denote 
by "ErediP) the set of reduced roots in Lie{U) of the maximal split torus Am in the 
center of M . Recall that to each a € Y,red{P) corresponds a semi-standard i^-Levi 
subgroup Ma of G, which contains M as maximal Levi subgroup. One identifies 
Sred(-P) to a subset of the dual a*^ of the real Lie algebra of Am- There is a natural 
way to attach to an element A of the complexification of a*M a character x\ of ^ 
[112, 0.6]. If A = sa, s S C, and m S one has Xsq(w) = |a(m)|Jn, where | • \f 
denotes the normalized absolute value of F. 

Let (T be an irreducible unitary supercuspidal generic representation of M and 
Wp the Weil group of F. In [112] we have assumed that one can attach to a an 
admissible homomorphism -00. : Wp x SL2(C) — ^ (see [112] for the precise 

definition of the Langlands L-group and an admissible homomorphism used here), 
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verifying some properties, coming from the conjcctmal local Langlands correspon- 
dence. As in particular it is believed that V'<t| SLsCC) trivial, when tp„ is attached to 
a generic supercuspidal representation, we will assume this here, too. The assump- 
tion [H2,4.3] simplifies then considerably and reads (with q the number of elements 
in the residue field of F, referring to [H2, 3.5] for the notion of " q-distinguished" ) 

(LM) For each root a € T,red{P), the Harish- Chandra ^-function s i-+ ^^"[(j® 
Xsa) (see [W] for the definition of this function) has a pole in a real number sq > 0, 
if and only if a{qy° is q-distinguished in the connected centralizer of the image of 
ipa- and this group is not a torus. 

Fix a non trivial additive character ij^p of F. In [Sh] Shahidi (proving a conjecture 
of Langlands) has associated to an irreducible smooth generic representation a of 
M a set of complex functions {s i— > 7(5, ct, r^, ■i/'i?), 1 < i < m}. From them he 
deduces canonically L-functions L{s,a,ri) and e-factors e(s, a, r^, V'f) (see also 1.3 
for more details). As the maps rjo^^ are representations of the Weil-Deligne group, 
the Artin L-functions L{s, ri o ip„) and e-functions e(s, o tp^^tpp) arc defined and 
one derives from them ^{s,riO ip^^ipp) as above (see 1.4 - 1.5 for more details). 

Our first result is, that the assumption {LM) is satisfied, if a and ijja have the 
same L-functions w.r.t. each M^, a G Sred(-P). We get also a converse under some 
condition on the L-functions attached to tli^. 

Under the assumption (LM) we have in [H2] associated to each elliptic admis- 
sible homomorphism : Wp x SL2(C) — > an irreducible square- integrable 
representation tt of G, and vice-versa. Our next result is that tjj and tt have same 
7-functions if they correspond to each other by this correspondence. We show also 
that this property remains true, if one extends the correspondence to arbitrary ad- 
missible homomorphisms ijj and arbitrary smooth irreducible representations tt of 
G, as done in the last section of [H2]. 

We finish by a discussion of the general case of non generic representations and 
non quasi-split groups, in taking into account the conjectural framework in [Sh, 9.]. 

We refer to the introduction of [H2] for information of the actual state of the 
local Langlands conjectures. 

1. Notations and preliminaries: 

1.1. We denote by Ip the inertial subgroup of Wp, by Fr a geometric Frobenius 
automorphism of F [De] and normalize the reciprocity map in local class field theory 
so that \Fr\p = q~^. 
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To simplify the; notations, we will denote by Sj(s) the imaginary part of a complex 
number s multiplied by ^/^. 

1.2 We fix a minimal F-parabolic subgroup Pq = MqUq of G and a maximal 
P-split torus Aq contained in Mq. We denote by E the set of roots of Aq in Lie{G) 
and by A the set of simple roots with respect to Pq- If P = MU is a standard 
paraboHc of G (i.e. P 3 Pq), a G Ered(P), we note P^ the standard parabolic 
P n M„ of M„ and Uoc = Ur[ M„. 

1.3 Let P = MU be a maximal standard P-parabolic subgroup of G, p half 
of the sum of the roots in E whose root space spans Lie{U) and a the unique 
root in A which does not lie in the root subsystem of S corresponding to M. Put 

Denote by r the adjoint action of on Lie{^U) and 

Vi = {X0. eLiei'-U)] (5,/J^)=i}. 

(Here Lie{^U) has been decomposed into weight spaces relative to the roots with 
respect to the action of the connected center of ^T, which equals ^^o-) The 
spaces Vi are invariant by r. Denote by the restriction of r to Vj. One has a 
decomposition r = ©^if^ with some integer m > 1, called the length of r. The 
components Tj, 1 < z < to, are irreducible [Sh]. 

Let cr be a smooth irreducible generic representation of M . Fix a non trivial 
additive character tpp of F. In [Sh] Shahidi (proving a conjecture of Langlands) 
has associated to cr a set of complex functions {s ^ 7(5, cr, r^, i/'f), 1 < i < "m}. If a 
is tempered, he deduces from them canonically L-functions L(s, cr, rj) and e-factors 
e(s, cr, Ti, V'f) in the following way: Denote by P^.i the unique polynomial satisfying 
-P(T,i(0) = 1 such that Pa^i{q^'') is the numerator of ^{s,a,ri,il}F) (in particular 
-Fcr,i(9~*) has the same zeros than j{s,a,ri,4'F))- Then 

L{s,a,ri) := P,,i{q-')-\ L{s,cj,n) := P~,,i{q~T^ 

and €{s,a,ri,'tpF) := (L(s, cr, ri)/L(l - s, a, ri))7(s, cr, n, i/'f) 

for 1 < i < TO, where a and rj are the contragredient representations. 

As 'y{s,a igi Xs'a,ri,tlJF) = 7(s + s',c7,ri, Vf) by [Sh, (3.12)], L{s,a,ri) and 
e{s,a,ri,'tjjF) are also defined, if cr is only quasi-tempered. 

The following properties hold: 

(1.3.1) L(s,cr, Tj) = 1 for 3 < i < TO, if cr is supercuspidal [Sh, 7.5]; 

(1.3.2) Suppose that P is associated to its opposite parabolic subgroup P and 
that cr is unitary and supercuspidal. (We will later say that P is self-conjugated.) 
Denote by w a representative of an element of the Weyl group that conjugates P 
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and P. Then the Harish-Chandra /i-function (see [W] for the definition of this 
function) verifies (with ~ meaning equality up to a monomial in q~^) 

0^ Xs.) - p,,^(^-(l-.))p^^2(^-(l-2s))p^^^^(^-(l+.))p^^^^(g-(l+2s)) 

-L(l — s,a,Fi)L{l — 2s,(j, r^)L(l + s, wa,ri)L{l + 2s, wa, r^) 
L{s, a, ri)L{2s, a, r2)L{—s, wa, ri)L{—2s, wa, r2) 

[Sh, 1.4 and 7.6]. 
(1.3.3) 



L{s,a,ri) = L{s,a,ri) = L{s,a,ri) [Sh, 7.8 and p. 308]. 

(1.3.4) 

L{s,a ^ Xs'a,ri) = L{s + s',a,ri) [Sh, (3.12)]. 



(1.3.5) If a is unitary and supercuspidal, all poles of L{-,a,ri) have real part 
[Sh, 7.3]. 

(1.3.6) If a is supercuspidal, the poles of L(-, a, Vi) arc simple. (This is because of 
(1.3.2) and the simplicity of the poles of Harish-Chandra's /x-function [HI, remark 
in the proof of 4.1].) 

If (r', V) is a sub-representation of r, one defines 7(-, cr, r', iIjf) = Hi y cy li'i^i 
Vi, ipp) and in the same way L{-, a, r') and e(-, a, r' , i/jf) 

If TT is a general generic smooth irreducible representation of M, then the L- 
functions L{-,n,ri) are defined in the following way [Sh, p. 308]: by Langlands' 
classification there is a standard F-parabolic subgroup Pi = MiUi of G with 
Ml C M and an irreducible quasi-tempered representation t of Mi , such that tt is 
the unique sub-representation of i^nM'''- -^^y Theorem 2], the quasi- tempered 
representation r is generic. Denote by ki the inclusion ^Mi — > ^M, by ri^j the 
composition r o ni and, for a € Yired{Pi) — '^rediPi H M), by ri^i^a the restriction 
^Mi ^ Lie{^U\^a) of ri,j. The i-functions L(-, r, ri,j,a) w.r.t. Mx^^ are defined 
by analytic continuation from the tempered case. The L-function associated to tt 
and rj is 

(1.3.7) L{-,TT,ri)= W L{-,T,n,i,„). 

ae Sred (Pi ) - Sred (Pi nM) 

The corresponding e- factor is deduced from L{-,'jT,ri) and 7(-, tt, r^, V'f) by the same 
equation as in the tempered case. 
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Consider finally an arbitrary standard parabolic subgroup P = MU of G. Denote 
still by p half of the sum of the roots in S that generate U. For each /3 with 
Xpv g Lie{^U), (2p, is a positive integer. Let 1 < ai < 02 < • • • < a™ be the 
different values. Following [Sh], we define 

Vi := {Xp. e Ltei'^Ump^p") = a,} 

and denote by the restriction of the adjoint representation r : — » Ue{^U) 
to Vi. This definition agrees with the one above for P maximal. For a G Ered(-P), 
let ri^a '■ ^ Lie{^Ua) be the restriction of r,. If denotes the adjoint rep- 
resentation Lie{^Ua), then it follows from elementary properties of root 
systems that rt^a = Ta^i (with ra,i defined relative to the maximal parabolic sub- 
group P n Ma of Ma as above). Let tt be a general generic irreducible smooth 
representation of M. For a G T,red{P), denote by 7(-, tt, fj^aj V'f) the 7-function of 
TT defined relative to M^ and P (1 Ma- Then, by definition, 

7(-,7r,ri,V'F) = Yi 7(-,71",fi,a,'0F) 

[Sh, p. 307, 1.15 -20]. The L- and e-factors of n relative to P are defined in the 
same way as product of L- and e-factors attached to a e T,red{P)- 

If r' is an arbitrary sub-representation of r, then one defines local factors for r' 
in the same way than for maximal P. 

1.4 Recall the definition of the Artin L- function [De]. An admissible homo- 
morphism tp : Wp x SL2(C) GL„(C) can be written as direct sum of twists of 
elliptic admissible homomorphisms. As the Artin L-functions are additive and be- 
have well under miramified twists (i.e. L{s + s' , ij.)) = L{s, ip \ det \p)), it is enough 
to give the definition for ip elliptic. Let be the nilpotent n x n-matrix, such that 

1^) = exp(A^). Identify N with the corresponding nilpotent endomorpism 

of y := C". As V is elliptic, the restriction tpo of ip to Wp is a multiple of an 
irreducible representation and the subspace ker(A'') is an irreducible component. If 
m is the multiplicity of tjjo in tjj, one has 

L{s, V') = det(/ - V(i^r)9-"-"+^ | ker(Ar)^^ . 

Remark that the action of ipo on is an unramified character. As ker(A) is an 
irreducible component of Vo; either the representation i/jq is itself an unramified 
character or = 0. So L{s,ijj) = 1, if tjj is ramified. Otherwise dim(ker(A)-'^^) = 
1. So, if is the proper value for the action of Tp{Fr) on V^" , then we have 
L{s,ip) = (1 - q^o-n+i-syi ^ijjg pg^ge_ Remark that 5?(so) = 0, if V(Wf) is 
relatively compact. 
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1.5 The 7", L- and e-factors should be preserved by the (in general) conjectural 
local Langlands correspondence. More precisely, let 'ipa : Wp x SL2(C) 
be the conjectural admissible homomorphism attached to the generic irreducible 
smooth representation a. (It is in particular assumed that tpaiWr) is relatively 
compact, when a is tempered.) 

Then we should have 

L{s,a,ri) = L{s,riOil)^) and e{s,a,ri,i'F) = e{s,n o tp^^tpp). 

Here L- and e-factors on the Galois side are the Artin L- and e-functions defined 
by Deligne [De]. If one defines 'y{s,ri o ip^jtpp) by the corresponding equation on 
the Galois side, one gets also 

^{s,a,ri,il)F) =7(s,riO Va,V'F). 

Remark that, as e(s, o ipp) is a monomial in q~'' [De], L(s, r o tpa-)~^ is the 
unique polynomial in 2; = q~^, which takes value 1 in 2; = and which is the 
numerator of 7(5, o ip^^ipp). 

So, in particular, if a is tempered, the equality of 7-factors implies the equality 
of L- and e-factors. 



2. We will now start to prove that in the generic case the assumption (LM) in 
[H2] is implied by an equality of L-functions (referring to [H2, 3.5] for the notion 
of "q-distinguished"), establishing also a kind of converse. 

The lemma below is a reformulation of results in [Sh]. 

2.1 Lemma: Let P = MU be a maximal standard F -parabolic subgroup of G 
and let a be a unitary irreducible generic supercuspidal representation of M. Then, 
for any s G C, /i((T (g) •) has a pole in Xsaj if o-nd only if S>(s) is a pole of L{-, a, r,) 
with i^{s) = ±1. 

Proof: Suppose /i((j (g) •) has a pole in Xsii- Then, by results of Harish-Chandra 
[Si], a is ramified, P is self-conjugated, ipa is irreducible and /x(cr (g X9(s)a) = 0- 
Write (To = cr (g) Xa(s)5- By [Sh, 7.6], there exists a unique i = 1,2 such that 
is a pole of L{-,ao,ri) = _L(3(.s) + •,cr, r,). This proves the first assertion and, by 
(1.3.3), is then also a pole of L(-,cro,ri). 

As X^(s)a is a pole of /u(f7o (g •)) it follows from the expression (1.3.2) for the 
/i-function and (1.3.5), that 1 — i5ft(s) or 1 + i^{s) is a pole of L{-,a-Q,ri), i.e. one 
of them must be 0. This concludes the proof of the first implication. 

Conversely, choose i such that z3?(s) = ±1 and assume that Sj(s) is a pole of 
L{-,a,ri) (so that, in particular, i is an integer > 1). As L{-,a,ri) is regular for 
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i > 3, wc must have i G {1, 2}. Let ctq = cr (X" X9(s)5- Then is a pole of ctq, r,) 
by (1.3.4). By [Sh, 7.4] this can only happen if P is self-conjugated. As the poles of 
L{-, (7o, Ti) have real part 0, it follows from (1.3.2), (1.3.3) and (1.3.5) that /^(ctq (^j) 
has a pole in xk(s)5- O 

2.2 Lemma: Let P = MU he a maximal standard F-parabolic subgroup of G 
and let ij:^ '■ Wp be an elliptic admissible homomorphism. 

Then, for any complex number s, the following two properties are equivalent: 

(i) 3(s) is a pole of L{-,riOip„) for some positive integer i verifying i3?(s) = ±1; 

(ii) a{q)^^^^ is q- distinguished in the connected centralizer of the image of the 
map Wp ^M, 7 i-^ a{qY''^'^'''^^^^ij)(r{'y), and this connected centralizer is not a 
torus. 

Proof: Replacing a hy a ® X'^(s)a and by 7 i— > a{qy''^^'>^^^^'^(^{'y), we can 
suppose by (1.3.4) that 9(s) = 0. 

Denote by M" the centralizer of ij)a{WF) in and by {M'^)° its connected 
component. 

Suppose a.{qy ^-distinguished in M"^ and that the connected component [M")" 
is not a torus. So there is a nilpotent element N in the Lie algebra of the connected 
component of M" , such that [Mia{qY)){N) = qN. Then N e V±^ for some 
integer i, I < i < m, and it follows that is = ±1. Consider o ijj^. An N ^ ^±T^' 
we have Vj.^ ^ 0. So the i-function L{-, ri o ip^) is non trivial. As the Frobenius 
acts trivial on N, it has a pole in by the above discussion of the Artin L-function. 

Conversely, choose i such that is = ±1 and assume that is a pole of L(-, riO->p^) 
(so that in particular i is a positive integer). Replacing s by \s\, we can assume 
is = 1. We will first prove that {M'^)° is not a torus. As L{-,ri o ip^) is non 
trivial, there exists N E Vi C Lie{^U), which is invariant under the action of Ip 
by ri o tp^. As L{-,ri o tp^) has a pole in 0, by 1.4 we can choose N such that the 
action of the Frobenius on A?^ by ri o is trivial, i.e. N is invariant by Wp- But 
then cxp(A^) lies in the centralizer of (r^ o iJj^)(Wf)- So this centralizer contains 
a unipotent element. But, the connected component of a reductive group which 
contains a unipotent element cannot be a torus. So {M'^)° is not a torus. 

Remark that {Ad{a{qy)){N) = qN. As iKsiM^y = 1, because Tjj, the maxi- 
mal torus in the center of M, is by [H2, 4.2] a maximal torus of (Af^)" and because 
P (and consequently M) is maximal, it follows that a{q)^ is g-distinguished in 

{M^y. □ 

2.3 Theorem: Let G be the set of F -points of a reductive connected quasi-split 
group defined over F, P = MU a maximal standard F-parabolic subgroup of G and 
a a unitary irreducible supercuspidal generic representation of M. 

Let ipa- '■ Wp — > be an admissible elliptic homomorphism. Suppose that one 
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has the equalities of L- functions 

L{-,a,ri) ^ L{-,riOipa), 1 < i < m. 

Then the following property is true: 

For any complex number s, ^{u ® ■) has a pole in Xsa, if o,nd only ifa{qf^^^^ is 
q- distinguished in the connected centralizer of the image of the map Wp — > , 
7 I— > a{(])'"'''''^^^'^^^tl)(j{'^), and this connected centralizer is not a torus. 

Conversely, if this property is fulfilled and if all the poles of the L-functions 
L{-,ri o ip^), 1 < i < m, are simple, then the above equalities of L-functions are 
true. 

Proof: If one has the equalities of L-functions, the property in the theorem is 
a direct consequence of the lemmas 2.1 and 2.2. Conversely, if the property in 
the theorem is true, the L-functions L(-, a, rj) and L(-, o ip„) have the same poles 
on the imaginary axes. So by (1.3.5) and 1.4 they have same poles in C. As 
L{-,a,ri)~^ and L{-,ri o'^^)"^ are both polynomials in which take value 1 in 
0, we conclude from the simplicity of their zeroes (by (1.3.6) and by assumption) 
that they must be equal. D 

2.4 Corollary: In the notations and under the assumptions of the preceding 
theorem assume that one has the equality of 'y- functions 

7(-,o-,r,, Vj^) = 7(-,ri o V<t,V'f), 1 < i < m. 

Then a verifies the assumption (LM) in [H2, 4.3] relative to G. 

3. In this section we will show that the correspondence derived in [H2] from 
the (conjectural) local Langlands correspondence for supcrcuspidal representations 
preserves L- and e-functions for generic representations of quasi-split groups. 

The following lemma is contained, but not explicitly stated in [Sh]. 

3.1 Lemma: Let G he the set of F -points of a reductive connected quasi-split 
group, P = MU and Pi = M-JJi standard F -parabolic subgroups of G, M D M\, 
T an irreducible smooth generic representation of Mi and n an irreducible smooth 
generic representation of Mi which is a sub-representation ofi^_^^j^T. 

Then, for any component ri of the adjoint representation r : ^M Lie{^U), 
we have 

7(7r, ri,VF)= Yl l{(^,ri,i,a,il'F), (3.1.1) 

where ri^i^a '■ '"Mi — > Lie{'^Ui^a) denotes the restriction of r^. 
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Proof: Denote by ki the inclusion ^Mi and define ri^i = ri o ki. For 

any root a G T,red{Pi) verifying Ui^a ^ U, the space Lie{^Ui^ct) is invariant by ri^j. 
Denote this representation by ri^i^a- Then we have 

Assume first r supcrcuspidal. The product formula for the 7-function (cf. [Sh, 
(3.13)]) gives an expression for 7(71, rj, ipp) as a product of 7-functions related to r, 
which, by the remarks in [Sh, p. 306] (after the identity (6.2)) is in fact a 7-factor 
attached to t and ri ^. The unicity of that 7-factor and the identity [Sh, p. 305] 
tell us that this 7-factor must be equal to Ha ''i.*."' V'^') with a € TirediPi), 
Ui,a C U. The equality (3.1.1) stated in the lemma follows. 

If T is no more supercuspidal, then there exist a standard F-parabolic subgroup 
P2 = M2U2 of G, M2 C Ml, and an irreducible supercuspidal representation a 
of Ml, such that r is a sub-representation of ip^^Mi^- Theorem 2 of [R], a is 
generic. Denote by K2 the inclusion ^M2 ^M, by K21 the inclusion — > ^Mi 
and write r2,i = ViO K2 and r2i,i = ri^i o k21- Of course, r2,i = r2i,i- By, what we 
have just proved, we get that 

7(7r, r,,VF)= W 7{<J,r2,i,0,ipF) (*) 

and, for a G Sred(fi), that 

Substituting (**) in (*) proves the identity (3.1.1) in the general case. □ 

3.2 Theorem: Let G be the set of F -points of a reductive connected quasi-split 

group defined over F . Let it he a generic discrete series representation of a standard 
Levi subgroup M of G. Fix a standard parabolic subgroup Pi = MiUi of G with 
Ml C M and a generic supercuspidal representation a of Mi such that w is a 
sub-representation of ip^r]M'^- 

Suppose that there is an admissible homomorphism tp^^ : Wp ^Mi such 
that for any a G T,red{Pi) and any irreducible component ra,i of ra ■ '"Mi^a — * 
Lie(^J7i,a), we have 

l{ra.i o V'f) = l{<y, ra.i,XpF)- 

Then a verifies the assumption (LM) in [H2] . Let tpT^ be the admissible homomor- 
phisme Wp x SL2(C) — > ^M attached to tt in [H2,5.3]. Then, for any component 
ri of the adjoint representation r : ^M Lie{^U), we have 

lin o t/j^, t/jp) = 7(7r, ri,tljp). 
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Proof: It is a direct consequence of the corollary 2.4 that a verifies the as- 
sumption {LM) in [H2] under our hypothesis. Denote by P = MU the standard 
parabolic of G with Levi factor M and by rij ■ ^A^i — > LieC'U) the restriction 
of ri to ^Mi. We have a decomposition ri ^ = ®aes{Pi) Ui cc/'^i.ii" with ri i ^ '■ 
^Mi Lie{'"Ui^a)- Inserting our assumptions 'y{o',ra,i,'4'F) = 7(''a,i °'^a:'4'F) in 
the identity (3.1.1) and using the multiplicity of Artin L- and e- functions, we get 

-f{TT,ri,ipF) = l{ri,iO-ipa,il)F)- (#) 
Define ■ Wf ^ ^Mi by w ^ i'"' , "i/^ ). (If one considers 



\w\-^/\ 

ipv as defined on the Weyl-Deligne group, then tp^"^ is the restriction of ip^r to Wf-) 
It is proved in [Sh, 3.4] that j{ri o ipT^,tpF) = j{ri o -0^°', -f/i^). As by construction 
^gai _ follows that 7(ri,j o tp^, ipF) = j{ri o tp^^, iPf), which implies with the 

equality (#) the theorem. D 



3.3 Corollary: Let tt be an irreducible smooth generic representation of a stan- 
dard Levi subgroup M of G. Fix a standard parabolic subgroup Pi = MiUi of G 
with M D Ml and an irreducible generic supercuspidal representation a of Mi such 
that TT is a sub-representation of ip^^M^- 

Suppose that there is an admissible homomorphism ipa : Wp '"Mi such 
that for any ol € Yj^^^^iPi^ and any irreducible component r^^i of r^ ^Afi^a — ^ 
Lie(^C/i,a), we have 

l{ra,i o V'ct, tpp) = ra,i,tlJF)- 

Then a verifies the assumption (LM) in [H2] . Let V'tt be the admissible homomor- 
phism Wf X SL2(C) '"M attached to w in [112, 5.5]. Then, for any component 
ri of the adjoint representation r : Lie{'"U), we have 

L{-,riOili^) = L{-,7r,ri) and e(riOij)^,'^F) = i{TT-,ri,il)F)- 



Proof: We will first consider the case, when tt is tempered. Then it is by 1.5 
enough to show that 

lin o ipT,,tpF) = 7(7^, ri, iPf) 

for any i. After possibly changing a (and consequently Va) by an unramified 
character twist (which conserves by (1.3.4) and 1.4 the equalities of 7- functions) , we 
can find a standard parabohc subgroup P2 = M2U2, M D M2 ^ Mi, and a generic 
irreducible discrete series representation r of M2 which is a sub-representation of 
^MoRPi'''' that TT is a sub-representation of ^MnPo''"- Denote by /t2 the inclusion 
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and put r2,i = n o k2- By the identity (3.1.1) and Theorem 3.2 we 

have 

aeE„d(P2),;72,cCf/ 

As by construction tpT and tjj.^ take the same values, it follows that 7(ri o^^, tpp) = 

Let now tt be an arbitrary generic smooth representation of M. Then, after 
possibly changing a and by an unramified character twist, using Langlands' 
classification, there is a semi-standard parabolic subgroup P2 = M2U2 of G with 
M 3 M2 3 Ml and a generic quasi-tempered representation r of A'/2 such that 
r is a sub-representation of «/(nM2^ ^"^^ tt is a sub-representation of i^hm'''- -^y 
(1.3.7), L(-, TT, ri) is a product of L-functions attached to r with respect to simple 
reflections of P2- As L{-,ri o ■i/)^) is obtained in the same way from the L-functions 
of the equality of the L-functions of tt and il).^ follows from the tempered case 
proved just before. The proof of the equality of 7-functions is literally the same as 
for TT tempered. The identity for e-factors follows from this (cf. 1.3 and 1.5). D 

4. We will now finish with remarks on the general case, i.e. we will consider 
representations which are not generic and later also groups which are not quasi-split. 

4.1 So suppose first that G is still the set of -F-points of a quasi-split connected 
reductive group. In order to define L-functions and e-factors for non generic rep- 
resentations, two assumptions are made in [Sh] (and justified by other more basic 
assumptions). 

(4.1.1) Each tempered L-packet of a standard Levi subgroup contains a generic 
representation. 

(4.1.2) Harish-Chandra's /x-function defined on discrete series depends only on 
L-packets. 

Let P = MU be a standard F-parabolic subgroup of G and tt a non generic 
irreducible tempered representation of M. Let bo a component of the adjoint 
representation r : Lie{^U). By assumption (4.1.1) there exists a generic ir- 

reducible representation tt' in the i-packet of tt. One defines L(-, tt, ri), e(-, tt, ri, ^p) 
and j{-,TT,ri,ipF) to be L{-,tt' ,ri), e(-, tt', r^, V'f) and ,ri,il)F) respectively. 

Let now tt be an arbitrary irreducible smooth non generic representation of M. 
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By Langlands' classification, there is a standard F-parabolic subgroup Pi = MiUi 
oi G, M D Ml, and an irreducible quasi-tempered representation r of Mi, such 
that n is the unique sub-representation ofip^f-^j^r. By assumption (4.1.1) there is a 
generic quasi-tempered representation r' in the L-packct of r such that i^pM'''' 
a unique sub-representation it' . This representation tt' may not be generic, but we 
define L{-, tt', r^), e(-, tt', r^, i/'f) and 7(-, tt', r^, i/'f) by the same formulas (see (1.3.7) 
and following) as in the generic case. The local factors for tt are by definition those 
for tt'. 

4.2 To extend our discussion of the results in [H2] to non generic representations 
of G, we have in order to use the results in section 2 and 3 to make the following 
assumption. 

(4.2.1) If (T is an irreducible generic supcrcuspidal representation of an i^-Levi 
subgroup M of G, then there is an admissible homomorphism ip^j : Wp ^M, 
which has the same local factors with respect to the adjoint action of then a. 

4.3 We are now able to deduce from this the general version of the assumption 
(PM) in [H2]: 

Lemma: Let G be the set of F -points of a quasi-split group, P = MU a standard 
parabolic subgroup of G and u a unitary irreducible supcrcuspidal representation of 
M. Suppose that (J^.1.1) and (4.2. 1) hold. Than there, is a discrete series rep- 
resentation T in the L-paeket of a, a standard parabolic subgroup Pi = MiUi of 
G, M D Ml, and an irreducible unitary supcrcuspidal representation ai of Mi, 
T Q ipinAii'^i ® Xa) for some A e a^^, with the following property with respect to 
any root a € I](Pi); 

Let s be a real number s > 0. Then ii{<Ji ® •) has a pole in Xsa, if md only if 
a{qy is q- distinguished in the connected centralizer of ipaCWp) and this connected 
centralizer is not a torus. 

In addition, one can choose for ai a generic representation. 

Proof: By (4.1.1), there is a generic representation r in the L-packct of a, which 
must be a discrete series. One can choose Pi = MiUi as in the statement and an 
irreducible supcrcuspidal representation ai of Mi such that t is a sub-representation 
of i^nM'^'i- '^^'^ representation cti must be generic by [R. Theorem 2]. So, using 
the assumption (4.2.1), the corollary 2.4 applies and proves the theorem. 

4.4 Theorem: Let G be the set of F-points of a quasi-split group, P = MU a 
standard parabolic subgroup of G and it an irreducible smooth representation of M . 
If the assumptions (4.1.1), (4.1.2) and (4-2.1) are verified, then the construction 
in [H, 5.5], that associates to w an admissible homomorphism tp„ : Wp x SL2(C) — > 
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M, applies and one has 

L{ip„ori) = L{Tr,ri) and e(V'u o V'f) = e(7r, r,, 

Proof: By Langlands' classification, there is a standard F-parabolic subgroup 
Pi = M-JJi of G, M D Ml, and an irreducible quasi-tempered representation r 
of Ml, such that tt is the unique sub-representation of ip^f^M'''- assumption 
(4.1.1) there is a generic representation r' in the i-packet of r. The unique sub- 
representation tt' of ip^r\M'''' i'^ ^^^'^ same L-packet than tt. By 4.1 it has the same 
local factors than tt. The proof of corollary 3.3 generalizes to tt', showing that the 
local factors for tt' and Vtt' are the same. As one can choose tpT^ = V'tt' , this proves 
the theorem. CH 

4.5 Consider now that G is the set of F-points of an arbitrary connected reductive 
group defined over F which may not be quasi-split. It is believed that Harish- 
Chandra's /x- function is invariant for inner forms (cf. [Sh, 9]). The constructions 
in [H2] are also invariant for inner forms. Local factors for representations of Levi 
subgroups of G are defined by the ones for the corresponding representations for 
the quasi-split inner form of G. So it is clear that the correspondence must conserve 
the local factors. 
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